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I. INTRODUCTION
Divisible loads are parallel tasks which can be divided into arbitrary number of fractions [1] . There are no precedence relationships among fractions, thus they can be processed independently on the processors in parallel. Such workload model is useful in many real world applications, e.g., signal processing, image processing, experimental data processing and so on.
Divisible load theory has emerged as a powerful tool for modeling data-intensive computational problems, and a great amount of research on divisible load scheduling has been made in the last decades. Under certain conditions, closed-form expressions for the processing time and load fractions for processors involved in computation have been derived in both homogeneous systems and heterogeneous systems.
In the earlier studies, relatively simple models without start-up overheads have been proposed. For homogeneous networks in blocking mode of communication, a closedform expression for the processing time of processors in linear topology was derived [2] , and asymptotic performance analysis has been made for the cases of bus and tree topologies [3, 4] . However, systems in reality are usually heterogeneous systems with arbitrary computation or communication speeds. For heterogeneous star networks, a closed-form expression for optimal processing time was derived by Ghose et al. [5] . It also has been proved that the sequence of load distribution should follow the order in which the communication speeds decrease in order to achieve the minimum processing time. In the case of heterogeneous tree networks, the effect of load distribution sequences on the processing time was analyzed by Kim et al. [6] , and an algorithm which optimally determines the order of load distribution was developed. It was shown that the distribution order depends only on the communication speeds between processors but not on the computation speeds.
All the above models considered the blocking mode of communication. Kim [7] first introduced the nonblocking mode of communication in homogeneous systems with processors connected in star topology, and the results on the optimal sequencing and arrangement are presented by Mani et al. [8] . All the above works do not take start-up overheads into consideration. However, zero start-up overheads are quite not realistic for most distributed systems. In the case of constant start-up time on bus networks with blocking mode of communication, Suresh et al. [9] , Bharadwaj et al. [10] , Blazewicz [11] analyzed the influence of start-up overheads on the optimal processing time and studied the effect of changing the distribution sequence on the processing time. In particular, Bharadwaj et al. [10] gave a necessary and sufficient condition for the existence of the optimal processing time, and it was shown that the processing time is minimized when the load distribution sequence follows the decreasing order of the computation speeds. For heterogeneous star systems with non-blocking mode of communication, closed-form expressions for the processing time and load fractions have been derived by Shang [12] .
Given that the start-up overheads and computation speeds of processors are with arbitrary values but that the communication speeds are all different, Beaumont et al. [13] proved that if load fractions were sent to processors according to the decreasing order of communication speeds, then when the processing time becomes large enough, the workload finished during time units is optimal among all possible orderings. For general cases with workload to be completed in arbitrary time, however, the optimal distribution sequence has not been addressed.
Based on the above study, many scholars have done a great deal of extended research [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , but the problem of deriving the optimal distribution sequence has not been solved.
In this paper, we propose a new optimization algorithm for divisible load scheduling on heterogeneous distributed systems in blocking mode of communication to address the following four issues:
• whether all processors are needed in computation. If not, how many and which processors should be selected;
• whether the distribution sequence has an effect on the processing time. If true, which order the load distribution should follow to achieve the minimum processing time;
• given a certain distribution sequence, how much the load fraction should be assigned on each processor;
•when workload is large enough, what is the sufficient and necessary condition for the minimum processing time.
The reminder of this paper is outlined as follows. Section II presents the optimization model for divisible load scheduling. Section III proves that when workload is large enough, the sufficient and necessary condition for the minimum processing time is that the distribution sequence follows the decreasing order of the communication speeds. A novel genetic algorithm for divisible load scheduling is proposed in Section IV.
Experiments and their analysis appear in Section V. In the last section, conclusions are made.
II. OPTIMIZATION MODEL FOR DIVISIBLE LOAD SCHEDULING
Before we give the scheduling model for divisible load, some relevant notations and assumptions should first be introduced. The platform considered in this paper is heterogeneous distributed systems. Processors are connected in a star topology, where 0 P is the master processor, while { } 1 2 , ,..., m P P P are slave processors.
0 P connected with others by communication links
The entire workload, denoted as total W , will be first partitioned into fractions. Then they will be distributed to slave processors in some order by the master processor 0 P . Processor 0 P does not participate in computation itself but only takes the responsibility of assigning load to others. 1 1 When distributing workload fractions, 0 P sends data to only one processor at a time and slave processors start computing when they have finished receiving their load fractions, that is, slave processors are in blocking mode of communication and cannot communicate and compute simultaneously.
Since we focus on heterogeneous systems, slave processors are assumed with arbitrary computation and communication speeds. Communication and computation time is proportional to the amount of workload assigned to each processor. Let i w be the time of processor i P computing a unit workload, while i g be the time of link i L communicating a unit workload. In this paper, we assume communication speeds are much faster than computation speeds; otherwise, only one or two processors should be enough to involve in computation [7] . 
Bharadwaj, V., et al proved that for various network models the optimality criterion of scheduling divisible loads is that all processors have to finish computing at the same time. If all processors do not stop computing at the same time, certainly the load can be transferred from busy processors to idle processors to minimize the processing time [25] . Therefore, the following equation can be obtained intuitively. 
Equation (2) can be written as 
Thus, the closed-form expression of the processing time is given by ( ) ( )
The main objective of scheduling divisible load on heterogeneous distributed systems is to minimize the processing time T . It can be seen from Eq. (7) that processing time T depends on parameters Φ and Γ , which are directly decided by the distribution sequence ( )
, ,...,
of the processors participating in computation. Thus the divisible load scheduling problem on heterogeneous distributed systems can be modeled as determining the number n of processors required in computation and the optimal distribution sequence so that the processing time is minimized, that is, an optimization model for scheduling divisible load on heterogeneous distributed systems in blocking mode of communication can be set up as follows.
( )
, ,..., n vector σ σ σ is a sequence of n different numbers from 1 to m;
The key issue of solving the above model is to find the optimal distribution sequence. Considering the practical needs, the easier to obtain the optimal distribution sequence, the better. Fortunately, when workload is large enough, such optimal distribution sequence can be obtained directly by theoretical analysis, which is presented in the following section. For other workload cases, the optimal distribution sequence can be derived efficiently by the proposed genetic algorithm introduced in Section IV.
III. SCHEDULING LARGE ENOUGH WORKLOAD
In this section we will prove that when workload is large enough, the sufficient and necessary condition for the minimum processing time is that the distribution sequence follows the decreasing order of the communication speeds. Before we prove this conclusion, the following lemmas are first introduced. Proof:
(1) Now we prove that when distribution sequence follows the decreasing order of the communication speeds, the corresponding processing time is minimized.
Since the workload is large enough, then all processors should take participate in computation. Assume that there are n processors in the system, and sort them in the decreasing order of their communication speeds, that is, the increasing order of i g , where
the distribution sequence is denoted as ( ) 1 2 , ,..., According to the model shown in Fig.1 , we have ( ) T be the optimal processing time in this case, thus ( )
Meanwhile, since start-up overheads are ignored, so .
From Eq. (10) and Eq. (11), one can get
Since the workload is large enough, opt T ′ → ∞ . Thus
(2) Next we prove that when the processing time is optimal, the distribution sequence must follow the decreasing order of the communication speeds.
This will be proved by contradiction. If the workload is large enough, then all processors should take part in computation. Without loss of generality, the optimal distribution sequence is denoted as ( ) and then the processing time T becomes large enough. According to Lemma 3.2, the amount of processed workload in the new order of workload distribution is larger than that of the former sequence, which contradicts the assumption that seq p is the optimal sequence.
Thus (2) is proved.
IV. A NEW GENETIC ALGORITHM FOR DIVISIBLE LOAD SCHEDULING: WX-GA
Task scheduling problems are among the well-known hardest combinatorial optimization problems. Here we choose genetic algorithms(GAs), invented by Holland [26] , to solve the above model for the simple reason that genetic algorithms have been proven to be a promising technique for many application problems, for example, optimal design, control, and machine learning, etc. [27, 28] and they are suitable to solve scheduling optimization problems [29] .
A. Population Initialization
The key point of finding the optimal distribution sequence by using genetic algorithms is to develop an encoding scheme that allows genetic operators to generate "legitimate children" without any constraint violation. Applying GA to the scheduling model proposed in this paper has an intrinsic issue: each sequence must contain exactly one instance of a processor and any omission or duplication of a processor or processors leads to an illegal distribution sequence.
In this paper, a sequence with m processors is directly represented as a permutation pm S of m elements from 1 to m . Thus an individual I is denoted by ( )
where n represents the number of processors taking part in computation. After determining the encoding scheme, one can generate an initial population of N individuals by Algorithm 1.
Note that the first gene in each individual, which denotes the number of processors used in computation, will be initialized to m, the total number of processors. It will be modified during the calculation of its cost value.
Algorithm 1 Generate initial population
Ensure: N initialized individuals ( ) randomly take an element from L , assign it to i j c and then delete this element from L .
7: end for 8: end for

B. Cost Function
The cost function, also called fitness function, is defined over the genetic representation and measures the quality of the represented solution [30] . In general, a cost function is derived from the main objective of the problem and used in successive genetic operations. The main objective of scheduling divisible load on heterogeneous distributed systems is minimizing the processing time. How to map this objective to cost function is presented in Algorithm 2. 6: end for 7: compute 1 α and the processing time T by Eq. (6) and Eq. (7) 
C. Weight-based Crossover Operator
Depending on how the chromosome represents the solution, a direct swap such as N-point crossover may not be possible since the recombination of chromosome may violate the constraint of ordering and thus need to be repaired. In this paper, a novel crossover operator called weight-based crossover is designed to generate offspring.
The easiest way to explain the weight-based crossover is by giving an example. Assume that there exists an ordered list L = (10, 9, 8, 7, 6, 5, 4, 3, 2, 1), which serves as a reference sequence, and that the two parents are represented by ( ) parent , the weight value of each processor is calculated in the following way. For each processor, say 1 P , since its weight in 1 parent is 9 and in 2 parent is also 9, take the sum of them 9 + 9 = 18 as the final weight of processor 1 P . Repeat the above process until the weights of all processors are calculated. Finally, for processors ( ) 1  2  3  4  5  6  7  8  9  10 , , , , , , , , , P P P P P P P P P P , the weight list (18, 13,   20, 4, 13, 10, 10, 13, 0, 0) can be obtained.
(3) Sort the processors in the descending order of their weights. Thus we have the sorted processor list ( ) 3  1  2  5  8  7  6  4  9  10 , , , , , , , , , P P P P P P P P P P and its corresponding weight list (20, 18, 13, 13, 13, 10, 10, 4, 0, 0). (4) Adjust the order of the processors with the same weight values. For the processors with the same non-zero weight, such as ( ) 6 7 , P P , compare the positions of them in their parents. In 1 parent , 7 P is at position 5 and appears in front of 6 P , while in 2 parent , 6 P is at position 4 and appears in front of 7 P . Thus we put 6 P with the smaller position indicator in front of 7 P in the final processor list. If processors are at the same position in their parents, such as ( ) 2 8 , P P , then we can randomly select one of them in front of the other. For the processors with zero weight values, since they do not take part in computation, their orders do not matter. 3  1  8  2  5  6  7  4  9  10 , , , , , , , , , P P P P P P P P P P , where 0 c′ is initialized to m . Finally we can get O = (10, 3, 1, 8, 2, 5, 6, 7, 4, 9, 10). The proposed weight-based crossover operator has two advantages: first, it keeps the optimal subsequence of the parents into offspring, such as ( ) 3 1 , P P ; second, it takes the order of processors in the distribution sequence into consideration because the more front the position of a processor is in the distribution sequence, the much load fraction it will be assigned, and thus the more important the processor is.
D. Mutation Operator
If we randomly change one number in a chromosome, we are left with one integer duplicated and another missing. The simplest solution is to randomly choose a chromosome to mutate, and then randomly choose two positions within that chromosome to exchange until a local optimal is found. The process of the mutation operator is shown in Algorithm 3 by the pseudo-code. Once the encoding scheme and the cost function are defined, a GA proceeds to initialize a population of solutions and then to improve it through repetitive application of the mutation, crossover and selection operators. Algorithm 4 presents the process of the proposed genetic algorithm: WX-GA. Algorithm 4 A new genetic algorithm for scheduling divisible load on heterogeneous systems 1: (Initialization) Choose population size N , proper crossover probability cros p and mutation probability 2: (Crossover) Choose the parents for crossover in ( ) P t with probability cros p . If the number of parents chosen is odd, then randomly choose an additional one from ( ) P t . Afterwards, randomly match every two parents as a pair and the specific-designed weight based crossover operator is used on each pair to generate one offspring. All the new offspring constitute a set denoted by 1 O . 3: (Mutation) Select the parents for mutation from set 1 O with probability mut p . For each chosen parent, the proposed mutation operator is used to generate a new offspring. These new offspring constitute a set by 2 O . 4: (Selection) The best E solutions from the set 
V. EXPERIMENTS AND ANALYSIS
Several experiments are presented in this section to show the effectiveness and efficiency of the proposed algorithm. The parameters of the heterogeneous distributed system are shown in Table II [12] . In the proposed genetic algorithm, the following parameters are adopted: population size 100 N = , crossover probability 0.6 cros p = , mutation probability 0.02 mut p = , elitist number 5 E = and stop criterion 2000 t = . In the first experiment, the workload size ranges from 100 to 10000. For convenience, let GA represents the algorithm WX-GA proposed in this paper, IG indicates the algorithms given by Beaumont et al. [13] and Shang [12] , which schedules divisible load in the sequence of increasing value of i g , while IW given by Bharadwaj et al. [10] , which schedules workload in the sequence of increasing value of i w . The processing time and used machine numbers for different workload by these three scheduling algorithms are recorded in Table III. It can be seen from Table III that the processing time used by the proposed algorithm is much less than that used by other two compared algorithms for all test cases. Fig. 2(a) intuitively shows the processing time difference between algorithm IW and WX-GA, while Fig.  2(b) shows the time difference between IG and WX-GA. As is shown in Fig. 2(a) , with the increasing size of workload, the difference of processing time is found in linear growth between the proposed algorithm IW and WX-GA. In other words, the proposed algorithm is much more effective in finding the optimal distribution sequence. Similarly, it can be seen from Fig. 2(b) that when workload size ranges from 100 to 9900, the processing time obtained by IG is larger than that by WX-GA. What's more, we show the numbers of processors that are selected to participate in computation obtained by algorithm WX-GA and IG in Fig. 3 . From Fig. 4(a) , one can see that the larger the workload, the greater the difference of the processing time between IW and WX-GA. On the contrary, Fig. 4(b) shows that the larger the workload, the smaller the difference of the processing time between IG and WX-GA. Especially, when workload is large enough, the processing time obtained by WX-GA and IG are the same, because all processors are needed in computation and the two scheduling algorithms get the same distribution sequence, which follows the decreasing order of the communication speeds. The experimental results are consistent with the conclusion given by Theorem 3.3 in Section 3. That is to say, the experimental results reconfirmed the validity of the conclusion. 
VI. CONCLUSIONS
The goal of this paper was to find an optimal scheduling for divisible load on heterogeneous distributed systems in blocking mode of communication. The goal was successfully achieved by designing a novel genetic algorithm WX-GA. In order to examine the performance of the proposed algorithm, a set of experiments were carried out. From the experimental results, the following conclusions can be drawn. First, distribution sequence plays a significant role in processing time. Second, the proposed algorithm greatly decreases the processing time. Third, when workload is large enough, in order to achieve minimum processing time, the optimal distribution sequence should follow the decreasing order of the communication speeds.
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